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Asmachine learningmodels scale in size and complexity, their computational requirements become a significant

barrier. Mixture-of-Experts (MoE) models alleviate this issue by selectively activating relevant experts. Despite

this, MoE models are hindered by high communication overhead from all-to-all operations, low GPU utilization

due to the synchronous communication constraint, and complications from heterogeneous GPU environments.

This paper presents Aurora, which optimizes both model deployment and all-to-all communication sched-

uling to address these challenges in MoE inference. Aurora achieves minimal communication times by

strategically ordering token transmissions in all-to-all communications. It improves GPU utilization by colo-

cating experts from different models on the same device, avoiding the limitations of synchronous all-to-all

communication. We analyze Aurora’s optimization strategies theoretically across four common GPU cluster

settings: exclusive vs. colocated models on GPUs, and homogeneous vs. heterogeneous GPUs. Aurora pro-

vides optimal solutions for three cases, and for the remaining NP-hard scenario, it offers a polynomial-time

sub-optimal solution with only a 1.07× degradation from the optimal.

Aurora is the first approach to minimize MoE inference time via optimal model deployment and commu-

nication scheduling across various scenarios. Evaluations demonstrate that Aurora significantly accelerates

inference, achieving speedups of up to 2.38× in homogeneous clusters and 3.54× in heterogeneous environ-

ments. Moreover, Aurora enhances GPU utilization by up to 1.5× compared to existing methods.

1 INTRODUCTION
Serving deep learning and large language models has become increasingly critical as they are

integrated into a wide range of online applications, such as programming assistance, search engines,

and conversational bots. However, as the size and complexity of these models continue to grow, it

is challenging to meet the high computational demands and stringent latency requirement.

Mixture-of-Experts (MoE) models offer an effective solution to reduce computational demands

while preserving performance. They achieve this by dynamically activating only a subset of

specialized components, known as experts, for input tokens. This selective activation reduces the

overall computational load without sacrificing efficiency and accuracy. By engaging only the most

relevant experts for specific tasks, MoE models optimize resource utilization and processing speed.

Despite the considerable benefits, inference of MoE models still faces significant challenges. The

most prominent issue is high communication overhead. The all-to-all communication pattern in

MoE models, identified as a major bottleneck [9, 11, 27], is largely due to the dynamic selection

of experts. This results in uneven data exchange among GPUs, leading to network bandwidth

contention and prolonged communication times.

Moreover, MoE models suffer from low GPU utilization. This problem arises because all-to-all

communication is typically implemented using synchronous operations [18, 19, 23, 31, 32, 38, 42].

As a result, GPUs hosting unpopular experts remain idle while waiting for communication to

complete on GPUs handling popular experts.

Lastly, GPU heterogeneity, which is common due to incremental deployments, adds further

complexity to MoEmodel deployment [3, 22, 37, 41]. The varied hardware configurations complicate

the efficient allocation and utilization of resources across the model. To fully harness the potential

of MoE models, these challenges need to be effectively addressed.

Existing solutions fail to solve the problem from all fronts. Most approaches either reduce

communication overhead by balancing token loads [3, 4, 7, 9, 11–13, 17, 24, 29, 30] or by accelerating

the all-to-all operation [8, 9, 12, 18, 27, 28, 32, 33, 42], but still struggle with low GPU utilization.
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Fig. 1. MoE model structure.

Other approaches pack multiple experts from the same model on a single GPU to reduce idle

time [11, 23, 36, 38], but these experts remain blocked by synchronous all-to-all communication,

preventing full interleaving of computation and communication. Besides, these methods rely on

empirical approaches, lacking theoretical backing, and are designed for specific settings, failing to

account for the diverse configurations of production GPU clusters, such as heterogeneous hardware.

In this paper, we propose Aurora, a comprehensive solution for minimizing the inference time
of MoE models. Our design combines expert colocation, GPU assignment, and communication

scheduling, supported by theoretical analysis across four distinct GPU cluster settings based on

two key dimensions: exclusive vs. colocated experts on GPUs, and homogeneous vs. heterogeneous

GPUs. Aurora achieves optimal inference time in most cases, except for the NP-hard scenario

of colocating experts on heterogeneous GPUs, where we provide a sub-optimal polynomial-time

solution with inference time only 1.07× the optimum, as shown in our simulations.

To the best of our knowledge, Aurora offers the first theoretical derivation of minimal MoE

inference time. Our key insights can guide the development of future MoE inference systems:

minimal all-to-all communication time is achieved by ordering token transmission to avoid band-

width contention; in homogeneous clusters, minimizing inference time is equivalent to minimizing

communication time; for exclusive experts on heterogeneous GPUs, assigning experts by token

load to GPUs in descending capacity minimizes inference time; and the NP-hard case of colocating

experts on heterogeneous GPUs is a 3-dimensional matching problem, which can be approximated

by decoupling it into two dependent bipartite graphs.

Extensive simulations demonstrate the effectiveness of Aurora. Using production MoE inference

traces from Google, Aurora reduces inference time by up to 2.38× in homogeneous GPU clusters

and up to 3.54× in heterogeneous clusters. By colocating experts from different models, Aurora

also improves GPU utilization by up to 1.5× compared to state-of-the-art solutions that colocate

experts from the same model. Even with inaccurate inputs for Aurora’s optimization, with up to

75% noise in model statistics, inference time is extended by only 15.8%.

2 PRELIMINARIES
In this section, we first explore the structure of MoE inference to understand how the different

components work together within the model (§2.1). Next, we discuss the distinctive features of MoE

inference that set it apart from other architectures (§2.2). We then identify the key bottlenecks that

affect MoE inference performance (§2.3). Finally, we outline the essential prerequisites required for

Aurora (§2.4).
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2.1 MoE Inference
An MoE model comprises multiple MoE layers. For MoE training, each layer involves both a

forward and a backward pass, while inference requires only the forward pass. Fig. 1 illustrates the

process of an MoE layer, highlighting the separation of computation and communication phases.
The computation phase consists of three components: the gate function, the feed-forward network

(FFN), and aggregation. Two all-to-all communications occur during the communication phase.

These two all-to-all communications are opposite in terms of data flows.

Gate. The gate network determines which experts should be activated for the input tokens. In

general, each token will be sent to one or two experts.

FFN. An FFN is typically an expert. Each expert is responsible to process the tokens assigned by

the gate network.

Aggregation. This operation reshapes the tensors and computes the weighted output. After

aggregation, the process proceeds to the next MoE layer.

First all-to-all communication. The first all-to-all communication occurs after the gate network.

During this process, each token is dispatched to the assigned experts.

Second all-to-all communication. The second all-to-all communication is for exchanging

outputs of experts, ensuring the original sequences are organized before the start of next layer.

2.2 Characteristics of MoE Inference
Here, we outline three key characteristics of MoE inference, which shed light on the inference

bottlenecks discussed in §2.3.
Synchronous all-to-all communications. In this process, all-to-all communication is synchro-

nous, meaning that computation (including FFN and aggregation) can only begin once every GPU

has completed data transmission. This leads to the GPU computation resource idleness.

Reversed all-to-all communications. Within the same forward pass, the two all-to-all commu-

nications are reversed. For each data transfer from GPU 𝑖 to 𝑗 in the first communication, there is a

corresponding data transfer from GPU 𝑗 to 𝑖 in the second. The data sizes in these transfers are

identical, as the FFN architecture ensures that the input and output data sizes are the same.

Non-overlapping communication and computation. Communication and computation pro-

cesses do not overlap; each step can only commence after the previous one is completed.

2.3 MoE Inference Bottlenecks
High communication overhead. Existing research has identified all-to-all communication as a

significant bottleneck in MoE inference [9, 27]. A recent study [11] highlights that the all-to-all

communication can constitute over 60% of inference time when using four GPUs, and the overhead

increases substantially with additional GPUs .

The high communication overhead arises from two main factors. First, the dynamic selection of

experts results in an uneven distribution of tokens among GPUs [4, 9, 26], leading to some GPUs

being heavily loaded while others remain idle. Second, the all-to-all communication is typically

implemented using synchronous operations [18]. These operations are inefficient as they cause

resource wastage when either communication or computation is not fully utilized. This inefficiency

is further exacerbated by the dynamic nature of expert selection.

Low GPU utilization. Uneven load distribution and synchronous all-to-all communication also

contribute to low GPU utilization. GPUs supporting unpopular experts remain idle most of the

time [13]. A study of GPU cluster data from Alibaba reveals that less than 10% of GPUs reach 80%

utilization [40].
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Common goal: Minimizing inference time

Expert colocation

Fig. 2. Aurora aims to minimize inference time across four different scenarios. It optimizes expert colocation,
GPU assignment, and communication scheduling for each case. Aurora achieves optimal results in the first
three scenarios and delivers suboptimal performance in the final one due to its NP-hardness.

GPU cluster heterogeneity. In production clusters, GPU heterogeneity is common due to in-

cremental deployments and rapid advancements in GPU design [14, 22, 37, 41, 44]. These clusters

feature varied hardware configurations, including different types of GPUs and diverse resource

setups. This heterogeneity complicates the deployment of MoE models and must be considered to

optimize performance.

2.4 Prerequisites in Aurora
Before we delve into the details of each scenario, let’s outline the key prerequisites for this work.

Each GPU hosts at most two models. As shown in Fig. 1, MoE inference involves alternating

computation and communication phases separated by clear barriers. Colocating two models on a

GPU allows them to efficiently interleave resource usage—one model performs computation while

the other uses the network. Adding a third model, however, forces one to wait for resource access,

leading to increased inference time.

The network is represented by a big switch model. MoE inference typically requires several to

dozens of GPUs, often housed within a single rack and connected by a high-performance network.

As illustrated in Fig. 4(a), this non-blocking network fabric can be modeled as a big switch, which

interconnects GPUs enabling low-latency and high-throughput communication between them.

The optimization is based on historical statistics of MoE models. Inference service providers usually
collect statistics of MoE models for performance monitoring and troubleshooting, such as the

token distribution across GPUs and the average computation times for the Gate network, FFN,

and Aggregation operations. Aurora uses such historical data to guide optimization, and this work

focuses on theoretical analysis of our optimization mechanisms based on these precise inputs. As

shown in our simulations (§8), even with up to 75% unpredictable inference requests after the

optimization plan is deployed, the inference time of Aurora is only degraded by 15.8%.

3 OVERVIEW
In this section, we begin by outlining Aurora’s inputs and optimization goal across four scenarios of

GPU cluster settings. Next, we explain how expert colocation, GPU assignment, and communication

scheduling impact inference time. Finally, we provide a summary of each scenario.

Inputs. As discussed in §2.4, we use historical model statistics to guide decisions on expert

colocation, GPU assignment, and communication scheduling. At a high level, the inputs include
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GPUs

1

Network fabric

2

3

1

2

3

2

1

2

3

1

3

(c)(b)(a)
1 2 3

time time
1 2 3

3
3

Communication
Computation

b

b

Gb

NbNb Cb

Fb Fb Ab

Cb

1

2

3

G: Gate

1

3

3

2

Expert 1 of Model a
F: FFN

A: Aggregation
N: First all-to-all

C: Second all-to-all

Colocate experts from the same model

GPU waste

Colocate experts from two models

Gb Fb

CbNb

Ab

Na

Fa Aa

Ca

Ga

Inference time Inference time
(a) (b)

Ingress
ports

Egress
ports

Egress
ports

i Tokens from 
GPU 1 to i

Expert 1 of Model b Expert 2 of Model b

i Tokens from 
GPU 2 to i

Communication
Computation G: Gate

Expert 1 of Model a
F: FFN

A: Aggregation
N: First all-to-all

C: Second all-to-all

Colocate experts from two models

Gb Fb

CbNb

Ab

Na

Fa Aa

Ca

Ga

Inference time
(b)

b

b

Gb

NbNb Cb

Fb Fb Ab

Cb

Colocate experts from the same model

GPU waste

Inference time
(a)

Expert 1 of Model b Expert 2 of Model b

Fig. 4. (a) A big switch model representing the non-blocking inter-GPU network fabric. (b) Originally, the
all-to-all communication of tokens from GPU 1 (red) and GPU 2 (yellow) to all other GPUs takes 3 units of
time overall. (c) Optimizing the token order reduces transmission time to 2 units.

traffic matrices of token distribution across GPUs during each all-to-all communication, as well

as computation times for the Gate network, FFN, and Aggregation operations. The detailed input

parameters are listed in Table 1 and explained in §4.
Optimization goal. Aurora is designed to minimize the inference time of MoE models. Given the

diverse settings of modern GPU clusters, we analyze two key dimensions: exclusive GPU usage per

model vs. colocating models on the same GPUs, and homogeneous vs. heterogeneous GPU types.

Across the four combinations of these dimensions, as shown in Fig. 2, Aurora achieves optimal

performance in the first three scenarios. We prove the last scenario to be NP-hard and propose a

sub-optimal solution with inference time only 1.07× the optimum, based on our evaluation in §8.
When possible, we colocate MoE models on GPUs to maximize GPU utilization at best effort.

Expert colocation. Aurora colocates experts on the same GPU to maximize utilization, where

applicable, as shown in the colocating scenarios in Fig. 2. As motivated in §2.4, Aurora colocates
up to two experts per GPU, interleaving their computation and communication. Previous studies

colocated experts from the samemodel [18], whichwastes GPU resources and extends inference time.

As shown in Fig. 4(a), this is because experts from the same model are bound by the synchronous

all-to-all communication, delaying subsequent computation phases like FFN and Aggregation.

In contrast, Aurora colocates experts from different models. To maximize GPU utilization and

minimize inference time, it identifies the optimal combination of experts that complement each

other in terms of computation and communication needs. As illustrated in Fig. 4(b), the two

experts take turns to use available computation and communication resources. Aurora pairs a

computation-intensive expert with a communication-intensive one to efficient use of GPUs.

GPU assignment. Heterogeneous clusters, as shown in Fig. 2, require selecting the appropriate

GPU types for experts. For instance, deploying a popular expert on a high-performance GPU

with high FLOPS, memory capacity, and network bandwidth helps minimize computation and

communication times. Aurora assigns experts to suitable GPU types without worrying about the
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Table 1. Input parameters.

Symbol Explanation

𝑛 Number of experts

D𝑁 Traffic matrix (token distribution) of the first all-to-all

D𝐶 Traffic matrix (token distribution) of the second all-to-all

𝑑𝑖 𝑗 Data (tokens) sent from GPU 𝑖 to 𝑗

𝐵𝑖 Bandwidth of GPU 𝑖

|𝐺𝑎
𝑖
| Computation time of Model 𝑎’s Gate on GPU 𝑖

|𝐹𝑎
𝑖
| Computation time of Model 𝑎’s FFN on GPU 𝑖

|𝐴𝑎
𝑖
| Computation time of Model 𝑎’s Aggregation on GPU 𝑖

G1 F1
C1N1

A1

Inference time

GPU 1

GPU 2
G2 F2

C2N2

A2

Synchronous across GPUs

G: Gate network

N: First all-to-all

C: Second all-to-all

F: FFN

A: Aggregation
Gi + Ni Fj + Cj Ak

Fig. 5. Running MoE models exclusively on ho-
mogeneous clusters.

deployment to specific GPU IDs, as GPUs of the same type are interchangeable when connected

through the “big switch” model of a non-blocking network, as discussed in §2.4.
Communication scheduling. All four scenarios in Fig. 2 require communication scheduling to

reduce the communication time, which involves determining the order of token transmission in the

all-to-all communications. Different transmission orders can lead to varying communication times.

For instance, in Fig. 4(a), GPU 1 sends tokens to GPUs 2 and 3, while GPU 2 sends to GPUs 1 and 3.

In Fig. 4(b), communication takes 3 units of time when GPU 1 first sends to GPU 2 and then to GPU

3, and GPU 2 sends to GPU 1 and then to GPU 3. However, as shown in Fig. 4(c), changing GPU 2’s

transmission order to send to GPU 3 first, then to GPU 1, reduces communication time to 2 units.

In practice, reordering token transmission can be achieved with a buffer layer at the computation

operations, which calls communication collective libraries, such as NCCL, in the desired order.

We summarize the main results of our theoretical analysis of each scenario as follows.

Exclusive + Homogeneous (§4). This scenario considers running models exclusively on clusters

where all GPUs have identical computing power and network bandwidth. Theorem 4.1 proves

that minimizing inference time is equivalent to minimizing communication time. Theorem 4.2

further shows that communication time is minimized by ordering token transmission to avoid

bandwidth contention at the receiving GPUs. The minimum communication time is determined by

the GPU handling the largest traffic volume, whether sending or receiving. Alg. 1 (§ 4.2) provides
the algorithm for finding the optimal order that minimizes inference time.

Exclusive + Heterogeneous (§5). This scenario tackles the challenges of running models exclu-

sively on GPUs with different computing power and network bandwidth. Theorem 5.1 demonstrates

that sorting experts by token load and assigning them to GPUs in descending order of performance

minimizes inference time. Theorem 5.2 proves that the transmission order for homogeneous clusters

(Theorem 4.2) also minimizes communication time in a heterogeneous setting.

Colocating + Homogeneous (§6). This scenario examines improving GPU utilization by colocat-

ing two MoE models. The colocation strategy affects the aggregated communication time of the two

models, and thus, their overall inference time. Theorem 6.1 shows that minimizing the aggregated

communication time leads to optimal overall inference time. To this end, we solve the bottleneck

matching problem to find the optimal expert colocation, thereby minimizing communication time

and achieving optimal inference time.

Colocating + Heterogeneous (§7). Extending the colocation strategy to heterogeneous clusters

involves communication scheduling, GPU assignment, and expert colocation, making it the most

complex scenario. We model it as a 3-dimensional matching problem, which is NP-hard. By decou-

pling the matching into two dependent bipartite graphs, we propose a sub-optimal but effective

solution, which prolongs the inference time by only 1.07× compared to the optimum.
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4 EXCLUSIVE MODELS ON HOMOGENEOUS CLUSTERS
In this section, we derive the minimum inference time for running models exclusively on homoge-

neous clusters, referred to as the Exclusive + Homogeneous scenario.

Input parameters. Table 1 lists the input parameters used by all four scenarios. For a specified

MoE model consisting of 𝑛 experts, each expert is placed on one GPU, requiring a total of 𝑛 GPUs.

The token distribution in each layer is known in advance is represented by a traffic matrix D𝑁 for

the first all-to-all communication, and D𝐶 for the second all-to-all communication. Note that D𝑁

and D𝐶 are reversed as we state in §2.2. The matrix is an 𝑛 × 𝑛 matrix with elements 𝑑𝑖 𝑗 , indicating

the traffic sent from GPU 𝑖 to 𝑗 . The symbol |𝐺𝑎
𝑖 |, |𝐹𝑎𝑖 |, and |𝐴𝑎

𝑖 | represent the computation times of

Model 𝑎’s Gate, FFN, and Aggregation components, respectively, on GPU 𝑖 .

Solution overview. We first prove that in the Exclusive + Homogeneous scenario, minimizing

inference time is equivalent to minimizing communication time (§4.1). Next we show how to

determine the transmission order to achieve minimal communication time (§4.2).

4.1 Minimizing inference time equals minimizing communication time
Theorem 4.1. In the Exclusive + Homogeneous scenario, minimizing inference time is equivalent to

minimizing communication time.

Proof. This proof is straightforward because, in the Exclusive + Homogeneous scenario, the

only factor influencing inference time is the communication scheduling.

We first derive the inference time expression. As shown in Fig. 5, the two all-to-all communications

are synchronous across GPUs. This synchronization means that the FFN and Aggregation processes

can only start after the last data flow is complete. The inference time is therefore divided into

three parts: the Gate and the first all-to-all communication, the FFN and the second all-to-all

communication, and the Aggregation. Due to the strict barrier between each layer, the inference

time for a layer is determined by the slowest GPU. So the inference time is determined by summing

the maximum values of each part, as represented by the following equation.

Inference time 𝑡 = max( |𝐺𝑖 | + |𝑁𝑖 |) +max( |𝐹 𝑗 | + |𝐶 𝑗 |) +max( |𝐴𝑘 |), 𝑖, 𝑗, 𝑘 ∈ [1, 𝑛] (1)

In Eqn. 1, the symbols |𝐺𝑖 |, |𝐹𝑖 |, and |𝐴𝑖 | indicate the duration of the Gate, FFN, and Aggregation

processes on GPU 𝑖 . The symbols 𝑖, 𝑗, 𝑘 each represent different GPUs, as the maximum processing

time for each part can occur on different GPUs. For this scenario, we can make the following three

observations.

(1) The assignment of GPUs to experts in homogeneous clusters requires no special decisions,

as all GPUs possess identical computational power and network bandwidth.

(2) The computation times for Gate processes are equal across all GPUs, and the same applies

to Aggregation.

(3) The computation time for the FFN is determined by the number of tokens it processes, with

more tokens resulting in longer computation times.

With observations (1) and (2), we have |𝐺𝑖 | = |𝐺 |, |𝐴𝑘 | = |𝐴|. Based on observation (3), we can

state that max( |𝐹 𝑗 | + |𝐶 𝑗 |) = max( |𝐹 𝑗 |) + max( |𝐶 𝑗 |), since |𝐹 𝑗 | and |𝐶 𝑗 | increase simultaneously.

Thus, Eqn. 1 can be expressed as follows.

𝑡 = |𝐺 | +max( |𝑁𝑖 |) +max( |𝐹 𝑗 |) +max( |𝐶 𝑗 |) + |𝐴|, 𝑖, 𝑗 ∈ [1, 𝑛] (2)

As discussed in §2.2, the two all-to-all communications are reversed. The GPU receiving the

highest volume of data at D𝑁 is also the one transmitting the largest amount at D𝐶 . Consequently,
max( |𝑁𝑖 |) and max( |𝐶 𝑗 |) occur on the same GPU. Therefore, Eqn. 2 can be further expressed as:

𝑡 = |𝐺 | +max( |𝑁𝑖 |) +max( |𝐹𝑖 |) +max( |𝐶𝑖 |) + |𝐴|, 𝑖 ∈ [1, 𝑛] (3)
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In Eqn. 3, max( |𝐹𝑖 |) represents the computation time of the FFN processing the highest number

of tokens, which is constant regardless of its deployment. Therefore, to achieve optimal inference

time, the remaining task is to minimize max( |𝑁𝑖 |), the first all-to-all communication time. □

4.2 Scheduling transmission order to minimize communication time
Fig. 4(a)-(c) show that the communication time depends on the order in which tokens are transmitted.

Intuitively, the time for an all-to-all communication cannot be less than the time it takes for the

GPU with the heaviest traffic to send or receive its tokens. For example, suppose GPU 𝑖 receives

the largest amount of traffic, denoted by 𝑑 , and the bandwidth is 𝐵. This means GPU 𝑖 will need

at least 𝑑/𝐵 time to receive all tokens. The question is, can we design a transmission order that

completes the all-to-all communication in exactly 𝑑/𝐵 time? The following theorem provides an

affirmative answer.

Theorem 4.2. The communication time is minimized by transmitting tokens in an order that
avoids bandwidth contention at the receiving sides. The minimum communication time is 𝑏𝑚𝑎𝑥 =
𝑚𝑎𝑥 (∑𝑛

𝑗=1 𝑑𝑖 𝑗 ,
∑𝑛

𝑖=1 𝑑𝑖 𝑗 )/𝐵.

Theorem 4.2 establishes that GPU should avoid sending tokens to the same destination simulta-

neously. Fig. 4(c) presents an optimal order that avoids bandwidth contention at the receiving sides.

This order guarantees that at any time, each GPU only receives tokens from one GPU. Theorem 4.2

also shows that the minimum communication time is determined by the maximum column or row

sum in the traffic matrix D1
. In other words, if the largest amount of data being sent or received on

a single GPU is 𝑑 , then the entire all-to-all communication can be completed in 𝑑/𝐵 time. A sketch

of the proof is provided below, with the detailed proof available in Appx. A.

Sketched Proof. In homogeneous clusters, we set 𝐵 to 1 for simplification. The proof involves

transforming the traffic matrix D into D′ by adding artificial traffic matrix X with non-negative

values. With the updated matrix D′, it ensures that the sum of each column or row equals 𝑏𝑚𝑎𝑥 . We

then demonstrate the all traffic in D′ can be transmitted within the time 𝑏𝑚𝑎𝑥 , by constructing a

transmission order where GPUs do not send tokens to the same destination simultaneously. Since

D′ is constructed by augmenting the original traffic matrix D with the non-negative traffic matrix

X, the time required for transmitting traffic in D cannot exceed 𝑏𝑚𝑎𝑥 . The optimal transmission

order can also be obtained by removing artificial traffic from D′.
Moving forward, our approach unfolds in three key steps. Initially, we illustrate the conversion of

the traffic matrix D into D′ by incorporating matrix X. Subsequently, we prove that the minimum

communication time for D′ is 𝑏𝑚𝑎𝑥 . Finally, we prove the existence of a non-negative X.
1. Convert D to D′ by adding non-negative X
• Construct D′ by adding non-negative artificial traffic matrix X to D: D + X = D′.
• Ensure for each row

∑𝑛
𝑗=1 𝑑

′
𝑖 𝑗 = 𝑏𝑚𝑎𝑥 , and for each column

∑𝑛
𝑖=1 𝑑

′
𝑖 𝑗 = 𝑏𝑚𝑎𝑥 , 𝑑

′
𝑖 𝑗 ∈ D′.

2. Prove the minimum communication time for D′ is 𝑏𝑚𝑎𝑥

• In each time slot, each GPU sends and receives exactly one token.

• Demonstrate that each GPU can send and receive data without interruption. As a result, all

GPUs complete their communication within 𝑏𝑚𝑎𝑥 , making the all-to-all communication time

equal to 𝑏𝑚𝑎𝑥 .

3. Prove the existence of non-negative X
• Transform the 𝑛 × 𝑛 matrix X to an 𝑛2 × 1 vector x.
• Formulate the problem using the system of equations: Ax = Δb.

1
We will remove the elements in the diagonal of matrix D as the source and destination are the same.
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Algorithm 1: Determine token transmission order

Input: All-to-all traffic matrix D
Output: Token transmission order O

1 Set O ← ∅;
2 Find the bottleneck GPU (with the most traffic)

3 Choose a random order for tokens at the bottleneck, add to O
4 Remove the bottleneck traffic from D

5 while D is not empty do
6 Sort GPUs by traffic amount in descending order

7 for Each GPU 𝑖 in sorted list do
8 Arrange tokens to avoid conflicts with existing order in O
9 Add the new order for GPU 𝑖 to O

10 Remove traffic handled by GPU 𝑖 from D

11 return O

• Use Farkas’ Lemma [1] to show that a non-negative solution x exists, which implies the

existence of X.
□

Determining the token transmission order. We show how to establish the token transmission

order for eachGPU,with the input of trafficmatrixD. According to Theorem 4.2, data transmission at

the bottleneck GPU should be continuous. Therefore, we first determine the order at the bottleneck.

As shown in Alg. 1, we begin by identifying the bottleneck GPU, the one handling the most

traffic. The transmission order at the bottleneck can be chosen randomly. After establishing this,

we remove the traffic from D (Lines 1–4). For the remaining GPUs, we sort them based on their

traffic load in descending order (Line 6) and arrange the token transmission to avoid conflicts with

the existing order (Line 8). The order follows the pattern illustrated in Fig. 15(b), Appx. A. We

continue to remove traffic and update D accordingly (Line 10). This process repeats until D is empty,

resulting in a token transmission order that meets the requirements of Theorem 4.2.

In summary, with Theorem 4.2 we can derive the optimal communication time, and further

obtain the the minimum inference time with Eqn. 3.

Takeaway 1

• In the Exclusive + Homogeneous scenario, minimizing inference time is equivalent to

minimizing communication time.

• Aurora determines the optimal token transmission order, ensuring that each GPU can

receive data without bandwidth contention, thereby achieving minimum all-to-all

communication time.

5 EXCLUSIVE MODELS ON HETEROGENEOUS CLUSTERS
In this section, we derive the minimum inference time for running models exclusively on heteroge-

neous GPU clusters, referred to as the Exclusive + Heterogeneous scenario.

Solution overview. We first show how to assign GPUs optimally (§5.1). Next, we demonstrate

that the transmission order obtained in homogeneous clusters remains optimal in a heterogeneous

environment (§5.2).
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5.1 Finding optimal GPU assignment

G1 F1
C1N1

A1

Inference time

GPU 1

GPU 2
G2 F2

C2N2

A2

Synchronous across GPUs

G: Gate network

N: First all-to-all

C: Second all-to-all

F: FFN

A: Aggregation

Fig. 6. Running MoE models exclusively on heteroge-
neous clusters.

Fig. 6 presents the exclusive + Heterogeneous

scenario. Different from the homogeneous case,

the three observations for Exclusive + Homo-

geneous in §4 do not hold. Most importantly,

experts should be placed on the heterogeneous

clusters carefully to reduce the inference time.

Theorem 5.1. In a heterogeneous cluster, the
optimal GPU assignment is to sort the experts by
the number of tokens they process in descending
order and then assign them to GPUs from the
highest to the lowest performance.

Proof. Following Theorem 5.1, we assign high-end GPUs to the most popular experts in de-

scending order. Let’s assume GPUs𝑚 and 𝑛 are assigned to experts 𝑝 and 𝑞, respectively. GPU𝑚

has higher performance than GPU 𝑛, and expert 𝑝 is more popular than expert 𝑞. The inference

times on GPUs𝑚 and 𝑛 are 𝑡𝑚 and 𝑡𝑛 , respectively.

Now, suppose we reverse the assignment, mapping GPU𝑚 to expert 𝑞 and GPU 𝑛 to expert 𝑝 . The

new inference times on GPUs𝑚 and 𝑛 are 𝑡 ′𝑚 and 𝑡 ′𝑛 , respectively. Because the more popular expert

𝑝 is now assigned to the lower-end GPU 𝑛, we have 𝑡 ′𝑛 > 𝑡𝑚
2
. Previously, GPU 𝑛 was handling the

less popular expert 𝑞 with inference time 𝑡𝑛 , so 𝑡
′
𝑛 > 𝑡𝑛 . Therefore, we can conclude that 𝑡 ′𝑛 > 𝑡𝑚

and 𝑡 ′𝑛 > 𝑡𝑛 , indicating that we cannot achieve max(𝑡 ′𝑚, 𝑡 ′𝑛) < max(𝑡𝑚, 𝑡𝑛).
Thus, altering the assignment order outlined in Theorem 5.1 will not lead to a better solution. □

5.2 Finding optimal transmission order
Once we have determined the GPU assignment strategy, the computation time on each GPU is

known. And the next step is to determine the communication time (|𝑁𝑖 | and |𝐶 𝑗 | in Eqn. 1). In

§4, we propose Theorem 4.2 to calculate max( |𝑁𝑖 |) and max( |𝐶 𝑗 |) in the homogeneous cluster.

However, This theorem cannot be directly applied to the Exclusive + Heterogeneous scenario. The

main difference is that network bandwidth varies across a heterogeneous cluster. Therefore, we

propose an extension of Theorem 4.2 to address this issue.

Theorem 5.2. The transmission order obtained in homogeneous clusters remains optimal in a hetero-
geneous environment. The minimum communication time is 𝑏𝑚𝑎𝑥 =𝑚𝑎𝑥 (∑𝑛

𝑗=1 𝑑𝑖 𝑗/𝐵𝑖 ,
∑𝑛

𝑖=1 𝑑𝑖 𝑗/𝐵𝑖 ).

Theorem 5.2 states that the transmission order derived for homogeneous clusters remains optimal

in a heterogeneous environment. The minimum communication time is determined by the GPU

that takes the longest time to complete sending or receiving.

The proof for Theorem 5.2 follows the same structure of Theorem 4.2. The detailed proof can be

found in Appx. B.

2
In this work, a GPU with higher computational power will not have lower bandwidth compared to a lower-end GPU.
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Takeaway 2

• The GPU assignment affects the inference time in heterogeneous clusters.

• The optimal GPU assignment involves sorting experts by number of tokens processed,

then assigning them to GPUs from highest to lowest performance.

• The transmission order developed for homogeneous clusters remains optimal in a

heterogeneous environment.

6 COLOCATING MODELS ON HOMOGENEOUS CLUSTERS
In this section, we explore the best way to place two MoE models on a homogeneous cluster. This

scenario is termed Colocating + Homogeneous.

Solution overview. We first demonstrate that the colocation choice affects the aggregated commu-

nication time and further the inference time. Next, we prove that a colocation solution minimizing

aggregated communication time will also minimize inference time (§6.1). We determine the optimal

expert colocation, which minimizes communication time, by solving the bottleneck matching

problem (§6.2).

6.1 Minimizing inference time equals minimizing communication time

GPU 1
G1 F1

C1N1

A1
N1

F1

Model a Model b

Communication
Computation

A1
C1

G1

G2 F2
C2N2

A2
N2

F2 A2
C2

G2GPU 2

b a b a b a

a b a b

b a b a b a

a b a b b

N1 and C2 are overlapped in time domain

|Na + Nb|
|Na + Nb + Ca|
|Na + Nb + Ca + Cb|

b a
Inference time
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A1
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N2
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b a b a b a
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N1 and N2 are overlapped in time domain

|Na + Nb|
|Na + Nb + Ca|
|Na + Nb + Ca + Cb|

a b
Inference time

Fig. 7. Running colocating MoE models on homoge-
neous clusters.

Fig. 7 illustrates a scenario where two MoE mod-

els, 𝑎 and 𝑏, run simultaneously on a homo-

geneous cluster
3
. Components of Model 𝑎 are

shown in shades of green, while those of Model

𝑏 are in shades of red. The subscript numbers

(1 and 2) indicate the GPU index, and the super-

script letters (𝑎 and 𝑏) refer to the model index.

For example, 𝐺𝑏
1
denotes the computation time

of Model 𝑏’s Gate network on GPU 1.

The Colocating + Homogeneous scenario in-

herits characteristics of the Exclusive + Homo-

geneous case (§4). These characteristics include:
no need to decide GPU assignment on a homo-

geneous cluster, equal computation time for the

Gate and Aggregation, and increased computa-

tion time for an expert when processing more

tokens. Additionally, running two experts on the same GPU introduces new characteristics and

constraints, as illustrated below.

(1) Computation competition. One model’s computation components cannot start if another

model is still under computing processes.

(2) Communication overlapping. The all-to-all communications from two models can overlap

in the time domain. For instance, Model 𝑎’s all-to-all communication, 𝐶𝑎
2
, can begin while

Model 𝑏’s communication, 𝑁𝑏
1
, on GPU 1 is still in progress.

Aggregated communication times. The term |𝑁𝑎 + 𝑁𝑏 | represents the time required to complete

the first all-to-all communication for two models, which we refer to as the aggregated communi-

cation time. This differs from |𝑁𝑎 | + |𝑁𝑏 |, which simply adds the communication times of each

3
We only colocate models with the same number of experts, even though it’s not a strict requirement in theory.
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Table 2. Start and end time of each component on the Colocating + Homogeneous scenario.

Component Start time End time

𝐺𝑏
0 |𝐺𝑏 |

𝑁𝑎
0 |𝑁𝑎 |

𝐹𝑎 max( |𝐺𝑏 |, |𝑁𝑎 | ) max( |𝐺𝑏 |, |𝑁𝑎 | ) + |𝐹𝑎 |
𝑁𝑏 ≥ |𝐺𝑏 | |𝑁𝑎 + 𝑁𝑏 |
𝐹𝑏 max(𝐸𝐹𝑎 , 𝐸𝑁𝑏 ) max(𝐸𝐹𝑎 , 𝐸𝑁𝑏 ) + |𝐹𝑏 |
𝐶𝑎 ≥ 𝐸𝐹𝑎 |𝑁𝑎 + 𝑁𝑏 +𝐶𝑎 |
𝐴𝑎

max(𝐸
𝐹𝑏

, 𝐸𝐶𝑎 ) max(𝐸
𝐹𝑏

, 𝐸𝐶𝑎 ) + |𝐴𝑎 |
𝐶𝑏 ≥ 𝐸

𝐹𝑏
|𝑁𝑎 + 𝑁𝑏 +𝐶𝑎 +𝐶𝑏 |

𝐴𝑏
max(𝐸𝐴𝑎 , 𝐸

𝐶𝑏 ) max(𝐸𝐴𝑎 , 𝐸
𝐶𝑏 ) + |𝐴𝑏 |

𝐺𝑎 𝐸
𝐴𝑏 𝐸

𝐴𝑏 + |𝐺𝑎 |

model without considering potential overlap. As shown in Fig. 7, communications 𝑁𝑎
1
from Model

𝑎 and 𝑁𝑏
2
from Model 𝑏 overlap, resulting in |𝑁𝑎 + 𝑁𝑏 | being smaller than |𝑁𝑎 | + |𝑁𝑏 |. |𝑁𝑎 + 𝑁𝑏 |

is impacted by the expert colocation choice. When colocating two experts, pairing one with high

communication demands with another that has fewer tokens to send can reduce the aggregated

communication time.

Inference time expression. Based on Fig. 7, we determine the finish time of each component, as

shown in Table 2. For simplicity, we display only the maximum start and end times across the 𝑛

GPUs for each component. For example, |𝐺𝑏 | is defined asmax( |𝐺𝑏
𝑖 |) for 𝑖 ∈ [1, 𝑛], thereby omitting

the GPU index subscript. Additionally, we use 𝐸 to denote the end time; for instance, 𝐸𝐴𝑏 indicates

the end time of component 𝐴𝑏
. The inference time corresponds to the end time of 𝐺𝑎

, which is

𝐸𝐴𝑏 + |𝐺𝑎 |, as shown below.

Inference time 𝑡 = 𝐸𝐴𝑏 + |𝐺𝑎 | (4)

In Eqn. 4, |𝐺𝑎 | is known in advance, while 𝐸𝐴𝑏 , the end time of component 𝐴𝑏
, is given by

max(𝐸𝐴𝑎 , 𝐸𝐶𝑏 ) + |𝐴𝑏 |. Both 𝐸𝐴𝑎 and 𝐸𝐶𝑏 can be further defined by the start and end times of other

components. Following this approach, we can derive the complete expression for the inference

time 𝑡 , though it is not displayed here due to its complexity.

Rather than directly targeting inference time, we approach the problem by minimizing the

aggregated communication time. In §4, we minimize the communication time by determining

an optimal transmission order using Theorem 4.2. This is conducted under the context where

traffic matrix is fixed. In contrast, colocation scenarios present different aggregated traffic matrices

depending on the colocation choice. In the Colocating + Homogeneous scenario, minimizing

communication time requires finding an expert colocation choice. The resulting traffic matrix

achieves the shortest communication time when applying Theorem 4.2.

Theorem 6.1. Minimizing aggregated all-to-all communication times of two colocating models
ensures minimum inference time in a homogeneous cluster.

Proof. We use proof by contradiction. Assume we have an optimal colocating strategy that

minimizes communication times, resulting in an inference time of 𝑡 = 𝐸𝐴𝑏 + |𝐺𝑎 |. Now, suppose
there exists another colocating strategy with higher communication times but a shorter inference

time: 𝐸′
𝑁𝑏 > 𝐸𝑁𝑏 , 𝐸′𝐶𝑎 > 𝐸𝐶𝑎 , 𝐸′

𝐶𝑏 > 𝐸𝐶𝑏 , and 𝑡 ′ < 𝑡 . According to Theorem 4.2, the minimum

communication time is determined solely by the maximum column or row sum. Thus, different GPU

, Vol. 1, No. 1, Article . Publication date: October 2024.



Aurora

assignment solutions for Model 𝑎 do not affect this value. So we have 𝐸′
𝑁𝑎 = |𝑁𝑎 |′ = 𝐸𝑁𝑎 = |𝑁𝑎 |.

In a homogeneous cluster, we have |𝐺𝑎 |′ = |𝐺𝑎 |, |𝐺𝑏 |′ = |𝐺𝑏 |, |𝐴𝑎 |′ = |𝐴𝑎 |, and |𝐴𝑏 |′ = |𝐴𝑏 |. Since
computation time is proportional to communication time in such a cluster, it follows that |𝐹𝑎 |′ > |𝐹𝑎 |
and |𝐹𝑏 |′ > |𝐹𝑏 |. We will now proceed with the proof by contradiction to show it is impossible to

achieve a lower inference time. Specifically, we need to prove that 𝑡 ′ = 𝐸′
𝐴𝑏 + |𝐺𝑎 |′ < 𝑡 = 𝐸𝐴𝑏 + |𝐺𝑎 |

cannot hold.

|𝐺𝑎 |′ = |𝐺𝑎 |, 𝐸′
𝐴𝑏 + |𝐺𝑎 |′ < 𝐸𝐴𝑏 + |𝐺𝑎 | ⇒ max(𝐸′𝐴𝑎 , 𝐸

′
𝐶𝑏 ) + |𝐴𝑏 |′ < max(𝐸𝐴𝑎 , 𝐸𝐶𝑏 ) + |𝐴𝑏 |

|𝐴𝑏 |′ = |𝐴𝑏 |, 𝐸′
𝐶𝑏 > 𝐸𝐶𝑏 ⇒ 𝐸′𝐴𝑎 < 𝐸𝐴𝑎 ⇒ max(𝐸′

𝐹𝑏
, 𝐸′𝐶𝑎 ) + |𝐴𝑎 |′ < max(𝐸𝐹𝑏 , 𝐸𝐶𝑎 ) + |𝐴𝑎 |

|𝐴𝑎 |′ = |𝐴𝑎 |, 𝐸′𝐶𝑎 > 𝐸𝐶𝑎 ⇒ 𝐸′
𝐹𝑏

< 𝐸𝐹𝑏 ⇒ max(𝐸′𝐹𝑎 , 𝐸′𝑁𝑏 ) + |𝐹𝑏 |′ < max(𝐸𝐹𝑎 , 𝐸𝑁𝑏 ) + |𝐹𝑏 |
|𝐹𝑏 |′ > |𝐹𝑏 |, 𝐸′

𝑁𝑏 > 𝐸𝑁𝑏 ⇒ 𝐸′𝐹𝑎 < 𝐸𝐹𝑎 ⇒ max( |𝐺𝑏 |′, |𝑁𝑎 |′) + |𝐹𝑎 |′ < max( |𝐺𝑏 |, |𝑁𝑎 |) + |𝐹𝑎 |
|𝐹𝑎 |′ > |𝐹𝑎 |, |𝑁𝑎 |′ = |𝑁𝑎 | ⇒ |𝐺𝑏 |′ < |𝐺𝑏 |

(5)

Eqn. 5 demonstrates that |𝐺𝑏 |′ < |𝐺𝑏 |, which contradicts our earlier assertion that |𝐺𝑏 |′ = |𝐺𝑏 |.
This contradiction validates the correctness of Theorem 6.1. □

6.2 Finding optimal expert colocation
Next, we focus on finding an expert colocation which minimizes the communication time. In

Table 2, for the terms related to communication times directly, the priority is to reduce |𝑁𝑎 + 𝑁𝑏 |.
Since 𝐸𝑁𝑎 = |𝑁𝑎 | is unaffected by the expert colocation solution, and |𝐶𝑎 +𝐶𝑏 | equals |𝑁𝑎 + 𝑁𝑏 |,
minimizing |𝑁𝑎 + 𝑁𝑏 | also minimizes |𝑁𝑎 + 𝑁𝑏 +𝐶𝑎 +𝐶𝑏 |. Because 𝑁𝑎

and 𝐶𝑎
do not overlap in

the time domain (they are separated by 𝐹𝑎), |𝑁𝑎 + 𝑁𝑏 +𝐶𝑎 | can be expressed as |𝑁𝑎 + 𝑁𝑏 | + |𝐶𝑎 |.
This highlights the importance of optimizing |𝑁𝑎 + 𝑁𝑏 |.

In the following, we discuss how to find the expert colocation to minimize |𝑁𝑎 + 𝑁𝑏 |. Suppose
D𝑁1

and D𝑁2
represent the first all-to-all communication traffic matrices of Model 𝑎 and Model

𝑏, respectively. For each potential expert colocating choice, by combining the traffic matrices of

D𝑁1
and D𝑁2

, we create a new traffic matrix D𝑛𝑒𝑤 . D𝑛𝑒𝑤 represents the aggregated traffic matrix

of the two colocating models. According to Theorem 4.2, the communication time with D𝑛𝑒𝑤 is

determined solely by the maximum sum of traffic within each column or row. In the following, we

try to find the optimal expert colocating solution, which minimizes the maximum sum of each column
or row among all possible D𝑛𝑒𝑤 .
For traffic matrix D𝑁1

, the sending and receiving traffic on GPU 𝑖 are denoted as 𝑎𝑖 =
∑𝑛

𝑗=1 𝑑𝑖 𝑗
and 𝑎𝑛+𝑖 =

∑𝑛
𝑗=1 𝑑 𝑗𝑖 , respectively. Utilizing a vector a = [(𝑎1, 𝑎𝑛+1), (𝑎2, 𝑎𝑛+2) ,..., (𝑎𝑛 , 𝑎2𝑛)], the

sending/receiving traffic on 𝑛 GPUs is represented. Similarly, for D𝑁2
, a vector b = [(𝑏1, 𝑏𝑛+1), (𝑏2,

𝑏𝑛+2) ,..., (𝑏𝑛 , 𝑏2𝑛)] is generated. For an expert colocating choice, an element is selected from both

a and b each time, creating a new vector h, which is shown in the following equation
4
.

h = a𝑖 + b𝑗 = (𝑎𝑖 + 𝑏 𝑗 , 𝑎𝑛+𝑖 + 𝑏𝑛+𝑗 ), 𝑖, 𝑗 ∈ [1, 𝑛] (6)

The vector h represents the column/row sum of the traffic matrix D𝑛𝑒𝑤 . Next, we try to minimize

the maximum value in h.

4
Considering the synchronous all-to-all communication constraint in Eqn. 6, we have h = a𝑖 +b𝑗 = (𝑎𝑖 +max(𝑏 𝑗 ,𝐺

𝑏 ), 𝑎𝑛+𝑖 +
max(𝑏𝑛+𝑗 ,𝐺𝑏 ) ) . However, this adjustment does not impact the optimal expert colocating choice. For clarity in the following

proof, we will continue to use Eqn. 6.
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Weight = max(ai + bj, an+i + bn+j)

Fig. 8. (a) Case I: The optimal expert colocation solution is alternat-
ing between selecting one popular and one unpopular expert from
Model 𝑎 and Model 𝑏. (b) Case II: Solving the bottleneck matching
problem yields the optimal expert colocation solution.

We minimize the maximum

value in h under two cases. In Case

I (Fig. 8(a)), the quantity of send-

ing traffic is equal to the receiv-

ing traffic for each GPU. In Case II

(Fig. 8(b)), the sending traffic may

not necessarily be equal to the re-

ceiving traffic. Case I can be con-

sidered a specific instance of Case

II. The reason for categorizing this

problem into two cases is the avail-

ability of a lower-complexity algo-

rithm tailored for Case I.

Case I: The amount of sending traffic is equal to the receiving traffic for each GPU
For this particular case, we employ the following theorem to determine the optimal expert

colocation solution.

Theorem 6.2. Vectors a and b are of the same sizes. Vector h is formed by adding the values selected
each from a and b. Sort a in ascending and b in descending order. Selecting values from a and b
sequentially minimizes the maximum value in h.

Proof. (
𝑎1 · · · 𝑎𝑘−1 𝑎𝑘 𝑎𝑘+1 · · · 𝑎𝑛
𝑏𝑛 · · · 𝑏𝑛−𝑘+2 𝑏𝑛−𝑘+1 𝑏𝑛−𝑘 · · · 𝑏1

)
(7)

Assuming a and b are sorted in ascending and descending order, respectively, denoted as 𝑎1 ≤
𝑎2 ≤ ... ≤ 𝑎𝑛 and 𝑏𝑛 ≥ 𝑏𝑛−1 ≥ ... ≥ 𝑏1, as depicted in Eqn. 7. By summing the elements from a and b
in a sequential manner, we obtain h = [𝑎1 +𝑏𝑛, 𝑎2 +𝑏𝑛−1, ..., 𝑎𝑛 +𝑏1]. Without loss of generality, let’s

assume the 𝑘𝑡ℎ item of h, which is 𝑎𝑘 + 𝑏𝑛−𝑘+1, serves as the maximum value. Our next objective

is to demonstrate that it is impossible to rearrange a and b to create a new vector h, where the
maximum value is smaller than 𝑎𝑘 + 𝑏𝑛−𝑘+1.
Let’s consider the subarray a[𝑘+1,𝑛] = [𝑎𝑘+1, 𝑎𝑘+2, ..., 𝑎𝑛] ⊆ a. For any value 𝑎𝑖 ∈ a[𝑘+1,𝑛] , it is

apparent that 𝑎𝑖 ≥ 𝑎𝑘 . To maintain the maximum value of h below 𝑎𝑘 + 𝑏𝑛−𝑘+1, 𝑎𝑖 must be paired

with a value smaller than 𝑏𝑛−𝑘+1. For any value 𝑏𝑖 ∈ b[1,𝑛−𝑘 ] = [𝑏1, 𝑏2, ..., 𝑏𝑛−𝑘 ], it holds that
𝑏𝑖 ≤ 𝑏𝑛−𝑘+1. Therefore, the values from a[𝑘+1,𝑛] must be matched with the values from b[1,𝑛−𝑘 ] .
Similarly, the subarray a[1,𝑘−1] = [𝑎1, 𝑎2, ..., 𝑎𝑘−1] ⊆ a must be matched with the values from

b[𝑛−𝑘+2,𝑛] = [𝑏𝑛−𝑘+2, 𝑏𝑛−𝑘+3, ..., 𝑏𝑛] ⊆ b. Now the elements from a[𝑘+1,𝑛] are paired with elements

from b[1,𝑛−𝑘 ] , and a[1,𝑘−1] is paired with b[𝑛−𝑘+2,𝑛] . With only 𝑎𝑘 and 𝑏𝑛−𝑘+1 remaining, they must

be paired together, obtaining 𝑎𝑘 + 𝑏𝑛−𝑘+1. In this scenario, the maximum value of the new vector

cannot be less than 𝑎𝑘 + 𝑏𝑛−𝑘+1. □

The idea behind Theorem 6.2 is to alternate between selecting one large and one small value

from a and b. This means we should colocate a popular expert from Model 𝑎 and an unpopular

expert from Model 𝑏. This strategy reduces the aggregated communication time on that GPU where

these two experts are colocated.

Case II: The amount of sending traffic is not equal to the receiving traffic
In Case II, where 𝑎𝑖 ≠ 𝑎𝑛+𝑖 and 𝑏 𝑗 ≠ 𝑏𝑛+𝑗 , Theorem 6.2 is not applicable. This is because we

cannot sort a and b where one element contains two distinct values. Attempting to sort a and b
according to the larger value inside an element and then applying Theorem 6.2 does not minimize

the maximum value in h.
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We reformulate the problem as a matching problem. In Fig. 8(b), we construct the graph as

follows: the experts of Model 𝑎 and Model 𝑏 are represented as nodes on the left and right sides of

the bipartite graph, respectively. Each node on the left is connected to every node on the right with

an edge weighted by𝑚𝑎𝑥 (𝑎𝑖 + 𝑏 𝑗 , 𝑎𝑛+𝑖 + 𝑏𝑛+𝑗 ), where 𝑖, 𝑗 ∈ [1, 𝑛]. This creates a fully connected

bipartite graph with 𝑛2 edges. The weight of each edge indicates the maximum amount of data

transmitted (sent or received) by a GPU if the corresponding experts from each model are colocated.

There is a direct one-to-one correspondence between the mappings of sequences a and b and

perfect matchings in the constructed bipartite graph. A perfect matching is one that covers all

nodes. Finding an optimal sequence mapping is thus equivalent to identifying a perfect matching

that minimizes the maximum edge weight. This problem is known as the bottleneck matching

problem [2]. The algorithm for solving the bottleneck matching problem is straightforward. It

involves a binary search [15] on the sorted array of edges to find the minimum weight𝑤𝑚𝑖𝑛 such

that a perfect matching exists in the subgraph induced by all edges with weights not exceeding𝑤𝑚𝑖𝑛 .

The existence of a perfect matching in a bipartite graph can be verified using the Hopcroft-Karp

algorithm [10], which has a complexity of 𝑂 (𝑛2
√
𝑛). Combined with binary search, the overall

complexity is 𝑂 (𝑛2
√
𝑛𝑙𝑜𝑔𝑛).

With the optimal expert colocation solution determined, we can derive the communication time

and the corresponding optimal inference time as outlined in Table 2.

In summary, this section outlines the optimal expert colocation solution to minimize inference

time on homogeneous clusters. We demonstrate that optimizing the communication time for

colocated models is crucial. Using Theorem 6.2 and solving the bottleneck matching problem, we

identify the expert colocation solution that achieves the minimum inference time.

Takeaway 3

• Expert colocation choices impact both the aggregated communication time and,

consequently, the inference time.

• Minimizing aggregated communication time ensures minimum inference time in a

homogeneous cluster.

• Aurora identifies the optimal expert colocation by solving the bottleneck matching

problem, thus achieving the minimum inference time.

7 COLOCATING MODELS ON HETEROGENEOUS CLUSTERS
In this section, we focus on colocating models on heterogeneous clusters. Achieving minimum infer-

ence time in the Colocating + Heterogeneous scenario requires expert colocation, GPU assignment,

and communication scheduling.

Solution overview. We first identify that optimizing inference time in the Colocating + Hetero-

geneous scenario is an NP-hard problem (§7.1), and then we propose a sub-optimal yet effective

solution (§7.2).

7.1 NP-hardness proof
Fig. 9 illustrates the case of running two MoE models on a heterogeneous cluster. Similar to the

Colocating + Homogeneous scenario, the inference time can be expressed using Eqn. 4, with the

finish times for each component detailed in Table 2.
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Fig. 10. (a) Optimal expert colocation and GPU assignment solution is obtained by solving a 3-dimensional
matching problem. (b) We can reduce the 3-dimensional matching problem to two 2-dimensional matching
problems.
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Fig. 9. Running colocating MoE models on het-
erogeneous clusters.

In §6, Theorem 6.1 demonstrates that minimizing

aggregated communication times ensures the mini-

mum inference time on a homogeneous cluster. How-

ever, this theorem does not apply to a heterogeneous

cluster. In the homogeneous environment, compu-

tation times are identical across GPUs. Therefore,

we have |𝐺𝑎 |′ = |𝐺𝑎 |, |𝐺𝑏 |′ = |𝐺𝑏 |, |𝐴𝑎 |′ = |𝐴𝑎 |, and
|𝐴𝑏 |′ = |𝐴𝑏 | in the proof of Theorem 6.1. Additionally,

we apply |𝐹𝑎 |′ > |𝐹𝑎 | and |𝐹𝑏 |′ > |𝐹𝑏 |, indicating that
computation time is proportional to communication

time. However, these equations and inequalities do

not hold in a heterogeneous cluster. As demonstrated

in Fig. 9, 𝐺𝑏
1
≠ 𝐺𝑏

2
, 𝐴𝑏

1
≠ 𝐴𝑏

2
, rendering Theorem 6.1

inapplicable in such heterogeneous environments.

We can reformulate the optimization problem as a 3-dimensional matching problem, as illustrated

in Fig. 10(a). Unlike the scenario depicted in Fig. 8, this formulation requires both expert colocation

and GPU assignment. The 3-dimensional matching problem extends bipartite matching (also known

as 2-dimensional matching). A hyperedge, connecting one GPU and one expert from Model 𝑎 and

one expert from Model 𝑏, represents the inference time occurring on that GPU. We must determine

two perfect matchings among two bipartite graphs. Similar to the bottleneck matching problem

applied in Case II (§6), we need to find a perfect matching that minimizes the maximum weight.

The 3-dimensional matching problem is proven to be NP-hard [6], meaning that we cannot solve

the optimization problem in polynomial time.

7.2 Sub-optimal approach
We use a sub-optimal solution by decoupling the matchings in the two bipartite graphs.

We first determine the perfect matching among experts, setting aside GPU assignment initially.

Following the method described in Case II (§6), we solve the bottleneck matching problem to obtain

the expert colocation solution. This reduces the 3-dimensional matching problem to a 2-dimensional

matching problem. In Fig. 10(b), the left side represents GPUs, and the right side represents the

combination of two experts, with the edge weight indicating inference time on the connected GPU.

We resolve the bottleneck matching problem to determine the minimum of the maximum weights.

Combined with the expert colocation solution, this provides a complete, sub-optimal solution.

In conclusion, achieving minimum inference time in the Colocating + Heterogeneous scenario

can be formulated as a 3-dimensional matching problem, which is proven to be NP-hard [6]. Based

on our evaluation in §8, this solution achieves an inference time just 1.07× of the optimal.
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Takeaway 4

• In a heterogeneous cluster, minimizing aggregated all-to-all communication times of

two colocating models does not ensure minimum inference time.

• Minimizing inference time in the Colocating + Heterogeneous scenario can be formu-

lated as an NP-hard matching problem.

• We propose a sub-optimal approach by decoupling the optimization problem into two

perfect matching problems.

8 EVALUATION
The evaluation seeks to address the following key questions.

Q1: Can Aurora reduce inference time across four scenarios? Aurora achieves up to 1.38×
faster inference time in the Exclusive + Homogeneous scenario and up to 1.81× faster in the

Exclusive + Heterogeneous scenario. In the colocating scenario, Aurora shows an improvement of

up to 2.38× in the homogeneous case and up to 3.54× in the heterogeneous case.

Q2: Can Aurora improve GPU utilization? In the colocation scenario, Aurora delivers a 1.28×
to 1.50× improvement in GPU utilization compared to the state-of-the-art solution.

Q3: How close is Aurora to the optimum in the Colocating + Heterogeneous scenario? On

average, Aurora prolongs the inference time by only 1.07× compared to the optimum.

Q4: How does Aurora perform under imprecise traffic inputs? Aurora maintains inference

time performance under unpredictable inference requests, with only a 15.8% degradation.

8.1 Simulation setup
GPU clusters. The GPUs are connected through a large switch, as shown in Fig. 4(a). In homoge-

neous clusters, the network bandwidth is set to 100Gbps. For heterogeneous clusters, we define

four types of GPUs, with bandwidths of 100Gbps, 80Gbps, 50Gbps, and 40Gbps, ordered from

highest to lowest performance. The number of GPUs for each type is the same. In the exclusive

scenario, each MoE model uses the network bandwidth independently. In the colocation scenario,

models only compete bandwidth when their experts are placed on the same device.

MoE models. We use production model statistics from Google [21] to drive our simulation. It

includes data for four layers of two MoE models, B/16 and B/32, each with 8 experts. We derive

Aurora’s input parameters from the model information based on the COCO and ImageNet datasets.

Metrics. We consider the following metrics in the evaluation.

• Inference time. We calculate the inference time for all four scenarios.

• GPU utilization. GPU utilization is the ratio of computation time (including the Gate, FFN,

and Aggregation) to the inference time.

Baselines. Aurora is the first of its kind, making it difficult to find directly comparable work. For

expert colocation, we compare Aurora with Lina [18], the latest approach using expert colocation.

We also implement vanilla expert colocation, referred to as random expert colocation (REC), as the

baseline. To ensure fairness, all solutions colocate two experts on the same device. Lina
5
pairs the

most popular expert with the least popular one within each job, while Aurora and REC colocate

experts from two different models.

For GPU assignment in heterogeneous clusters, we use the vanilla approach, random GPU

assignment (RGA), as the baseline.

5
Lina consists of three main components: prioritizing all-to-all over all-reduce, pipelining communication and computation,

and packing multiple experts on a single device. The first component is specific to MoE training and does not apply to

Aurora. The second complements Aurora, while the third is closely related. We implement the third component for Lina.
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Fig. 11. Inference time comparison in (a) Exclusive + Homogeneous, (b) Exclusive + Heterogeneous, (c)
Colocating + Homogeneous, and (d) Colocating + Heterogeneous scenarios.
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Fig. 12. GPU utilization in the (a) Colocating + Homogeneous and (b) Colocating + Heterogeneous scenarios.

For all-to-all communication scheduling, we employ the shortest job first (SJF), which is a well-

known flow scheduling policy for minimizing average flow completion time. We also include the

vanilla method, random communication scheduling (RCS).

8.2 Results
(Q1) Aurora reduces inference time across four scenarios. We evaluate inference time across

various scenarios. Fig. 11a shows a comparison of inference times for three scheduling algorithms:

Aurora, SJF, and RCS. These algorithms decide the order of token transmission between GPUs

during all-to-all communication, based on the traffic matrix of each layer. Aurora consistently

outperforms both SJF and RCS across all model layers and datasets, achieving communication

times that are up to 1.38× faster compared to SJF. This demonstrates its efficiency in minimizing

communication time. In contrast, SJF shows performance similar to or even worse than RCS. This is

because prioritizing tokens with less traffic offers no advantage. SJF’s inability to reduce bandwidth

contention results in outcomes that are nearly identical to those of RCS.

In Fig. 11b, we present a comparison of inference times between Aurora and RGA in the Exclusive

+ Heterogeneous scenario. With Aurora, inference times are accelerated by 1.36× to 1.81× across
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Fig. 14. Inference time acceleration across different number of layers in the (a) Exclusive + Heterogeneous
and (b) Colocating + Heterogeneous scenarios.

various models and layers. This is achieved by assigning popular experts to high-end GPUs,

optimizing overall inference performance.

Furthermore, Fig. 11c illustrates the inference time when two experts are colocated on the same

GPU. Lina colocates experts from the same model, and we show the inference time for each model

separately. Aurora consistently achieves the shortest inference time compared to Lina, REC, and

RGA + REC. Under the homogeneous case, Aurora is 1.25× to 2.38× faster than Lina, while in the

heterogeneous scenario (Fig. 11d), it improves by 1.91× to 3.54×. Aurora places experts from two

different models, allowing them to avoid the synchronous all-to-all communication constraint. In

contrast, with Lina, colocated experts must wait for each other to complete communication, which

can lead to longer inference times.

(Q2) Aurora improves GPU utilization. Fig. 12a illustrates GPU utilization in the homogeneous

case. Aurora + Colocation refers to placing two experts on the same GPU, while Aurora + Exclusive

represents assigning one expert per GPU. GPU utilization is notably low when running MoE models

exclusively, with most models below 20%. By colocating two experts on a single device, Aurora

achieves a 1.57× to 1.72× increase in GPU utilization. In general, colocating two experts is expected

to nearly double GPU utilization, but the observed improvement is lower. This is because, with

multiple experts sharing a GPU, inference time for Aurora + Colocation is longer compared to

Aurora + Exclusive, reducing the potential GPU utilization gains. Aurora achieves a significant

improvement over Lina, with an increase of 1.28× to 1.50×. A similar trend is observed in the

heterogeneous case, as shown in Fig. 12b.

0 500 1000 1500 2000 2500
Inference time (ms)

B/32 COCO (Layer 5)
B/16 COCO (Layer 5)

B/32 COCO (Layer 7)
B/16 COCO (Layer 7)

B/16 COCO (Layer 5)
B/16 ImageNet (Layer 5)

B/16 ImageNet (Layer 1)
B/16 COCO (Layer 1)

B/16 COCO (Layer 1)
B/32 ImageNet (Layer 1)

B/32 COCO (Layer 3)
B/32 ImageNet (Layer 3)

Optimum
Aurora
RGA+REC
Lina (Model 1)
Lina (Model 2)

Fig. 13. Performance gap between Aurora and the optimum
in the Colocating + Heterogeneous scenario.

(Q3) Aurora realizes close perfor-
mance to the optimal solution. Aurora
achieves minimal inference time in most

scenarios, except for the Colocating + Het-

erogeneous case. Fig. 13 shows the infer-

ence time gap between Aurora and the

optimum, obtained through brute-force

search. On average, Aurora prolongs the

inference time by only 1.07×, which is a

small difference given that it significantly

outperforms other baseline methods.

(Q4) Aurora maintains inference time
performance under imprecise traffic inputs. Once Aurora’s optimization plan is deployed,

subsequent inference requests become unpredictable. We use the traffic matrix of the first layer

for Aurora optimization and add traffic from the other three layers in the dataset as noise to

simulate unpredictable requests. The level of imprecision ranges from 0% to 75% as traffic from

each additional layer is incorporated.
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Fig. 14 shows the inference time acceleration of Aurora compared to RGA (Fig. 14a) and RGA+REC

(Fig. 14b) across varying traffic imprecision. As expected, the inference time reduction generally

decreases slightly as the traffic matrix becomes more imprecise. As expected, inference time reduc-

tion decreases slightly with increased traffic matrix imprecision. In the Exclusive+Heterogeneous

scenario, acceleration drops from approximately 1.90× with precise traffic to 1.60× with 75% impre-

cision. Similarly, in the Colocating+Heterogeneous scenario, acceleration decreases from about 2.0×
to 1.80×. The maximum performance degradation is 15.8% with high noise traffic, demonstrating

that Aurora still achieves significant inference time improvements even with imprecise inputs.

9 RELATEDWORK
Load balancing. Various gating methods have been proposed to ensure even token distribution [3,

7, 9, 17, 29]. Some use an auxiliary loss function to penalize imbalances [12, 30], while others

regulate expert capacity [4, 12]. Dynamic-Gating MoE [11] allows experts to process a variable

number of tokens, and Pre-Gated MoE [13] predicts token distribution based on the previous layer’s

gate. However, these methods can impede model convergence and degrade overall quality.

All-to-all acceleration. All-to-all communication is a key bottleneck in MoE model training

and inference [9, 27]. To improve efficiency, Faster-MoE [9] uses a pairwise exchange algorithm,

Tutel [12] introduces hierarchical strategies, and DeepSpeed-MoE [27] employs tensor parallelism

and slicing. Fast-MoE [8] also uses tensor slicing and data parallelism. However, these methods

mainly focus on communication speed, neglecting GPU utilization and system heterogeneity.

Expert colocation and replication. Some solutions improve GPU utilization by colocating

multiple experts from the same job. Lina [18] packs experts on a single GPU to reduce all-to-all

transfer sizes, while Dynamic-Gating MoE [11] offloads less-used experts to CPU memory. Other

methods replicate popular experts across GPUs. FlexMoE [23] dynamically shifts experts based

on workload, and Prophet [36] maps experts to specific GPU subsets. Lazarus [38] uses expert

deployment and replication to enhance training during GPU failures. However, these approaches do

not address copacking experts from different models or solving all-to-all communication challenges.

GPU heterogeneity. GPU heterogeneity is becoming more common in production clusters [37]

and has drawn significant academic interest [14, 22, 41, 44]. While these solutions improve the

management of heterogeneous GPU clusters, they do not specifically address MoE models.

Flow scheduling. Some existing research [5, 16, 20, 25, 34] attempts to model various training

paradigms and optimize flow scheduling to speed up the process. However, these approaches often

overlook the specific advantages of all-to-all communication.

GPU sharing. Experts colocated on the same device share GPU resources, and GPU sharing has

been extensively explored in previous research [35, 39, 40, 43]. Even though these solutions do not

explore MoE models, the engineering techniques they employ can help reduce overhead when

multiple experts share GPU resources alternately.

10 CONCLUSION
In conclusion, Aurora effectively addresses key challenges in MoE inference by optimizing model

deployment and communication scheduling. While this work marks an important first step, it opens

up several promising avenues for future research. One direction is extending Aurora to handle

more complex environments, including those with varying network topologies and communication

protocols. Another potential enhancement involves developing adaptive strategies that dynamically

adjust model deployment and communication scheduling based on changing workloads, which

could further improve performance. Additionally, integrating Aurora with other optimization

techniques, such as job scheduling and network topology design, may provide further synergistic

benefits. These efforts aim to improve the scalability and efficiency of MoE models in increasingly

diverse and demanding computing environments.
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APPENDIX
A PROOF OF THEOREM 4.2
Theorem 4.2 states that the minimum communication time with the traffic matrix D is given by

𝑏𝑚𝑎𝑥 =𝑚𝑎𝑥 (∑𝑛
𝑗=1 𝑑𝑖 𝑗 ,

∑𝑛
𝑖=1 𝑑𝑖 𝑗 )/𝐵. Here, 𝑑𝑖 𝑗 is the element located at row 𝑖 and column 𝑗 in D, and

𝐵 denotes the bandwidth for each homogeneous GPU.

For simplicity, we set bandwidth 𝐵 to 1. Our approach unfolds in three key steps. Initially, we

illustrate the conversion of the traffic matrix D into D′ by incorporating matrix X. Subsequently,
we prove that the minimum communication time for D′ is 𝑏𝑚𝑎𝑥 . Finally, we prove the existence of

a non-negative X.

1. Convert D to D′ by adding non-negative X


𝑑11 𝑑12 ... 𝑑1𝑛 𝑏1
𝑑21 𝑑22 ... 𝑑2𝑛 𝑏2

... ... ... ...
...

𝑑𝑛1 𝑑𝑛2 ... 𝑑𝑛𝑛 𝑏𝑛
𝑏𝑛+1 𝑏𝑛+2 ... 𝑏2𝑛


+


𝑥11 𝑥12 ... 𝑥1𝑛 Δ𝑏1
𝑥21 𝑥22 ... 𝑥2𝑛 Δ𝑏2

... ... ... ...
...

𝑥𝑛1 𝑥𝑛2 ... 𝑥𝑛𝑛 Δ𝑏𝑛
Δ𝑏𝑛+1 Δ𝑏𝑛+2 ... Δ𝑏2𝑛


=


𝑑 ′
11

𝑑 ′
12

... 𝑑 ′
1𝑛 𝑏𝑚𝑎𝑥

𝑑 ′
21

𝑑 ′
22

... 𝑑 ′
2𝑛 𝑏𝑚𝑎𝑥

... ... ... ...
...

𝑑 ′𝑛1 𝑑 ′𝑛2 ... 𝑑 ′𝑛𝑛 𝑏𝑚𝑎𝑥

𝑏𝑚𝑎𝑥 𝑏𝑚𝑎𝑥 ... 𝑏𝑚𝑎𝑥


(8)

Eqn. 8 illustrates the relationship D + X = D′, where 𝑥𝑖 𝑗 and 𝑑 ′𝑖 𝑗 denote elements located at row

𝑖 and column 𝑗 in X and D′, respectively. Values external to the matrices, such as 𝑏1, Δ𝑏1, and
𝑏𝑚𝑎𝑥 , represent the sum of their corresponding columns or rows. For the traffic matrix D′, the
conditions are met such that the sum of each row

∑𝑛
𝑗=1 𝑑

′
𝑖 𝑗 = 𝑏𝑚𝑎𝑥 and the sum of each column∑𝑛

𝑖=1 𝑑
′
𝑖 𝑗 = 𝑏𝑚𝑎𝑥 . That is to say, each GPU is sending and receiving precisely 𝑏𝑚𝑎𝑥 traffic after adding

artificial traffic matrix X. As shown in Fig. 15(a), each GPU sends and receives 𝑏𝑚𝑎𝑥 traffic in total.

The label attached to each traffic entry indicates the target GPU to which the traffic is directed.

2. Prove the minimum communication time for D′ is 𝑏𝑚𝑎𝑥

GPU 1

GPU 2

GPU n

...

...

2 n

3 n ...

1 2

3

...

bmax

time

n Traffic sending to GPU n

GPU 1

GPU 2

GPU n

...

...

...

...

bmax

time

t
A token

(a) (b)

1

3

2 3 n

3 n 1

1 2 3

Fig. 15. (a) Each GPU sends/receives 𝑏𝑚𝑎𝑥 traffic in
total. (b) Each GPU receives only one token at a time.

Now, our attention shifts to determining the

minimum communication time for D′. To es-

tablish that the minimum communication time

forD′ is indeed 𝑏𝑚𝑎𝑥 , it is imperative to demon-

strate that each GPU is capable of transmit-

ting and receiving traffic without any interrup-

tions, until all the traffic is completely finished.

Any interruption would necessarily result in

a communication time exceeding 𝑏𝑚𝑎𝑥 , given

that each GPU is expected to both send and

receive a total of 𝑏𝑚𝑎𝑥 traffic.

As depicted in Fig. 15(b), one time slot is re-
quired to transmit a token at full bandwidth. At

any given time slot 𝑡 , each GPU is configured to transmit just one token at its full bandwidth. As a

result, each GPU can only receive one token at the same time. This is attributed to the parity in

bandwidth between the sending and receiving sides, where the receiving side cannot simultaneously

accommodate two tokens sent by two GPUs at full bandwidth.

We then proceed to establish that each GPU can transmit and receive tokens without any

disruptions until all tokens are completely delivered. At time slot 𝑡 , we can identify the presence
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of 𝑛 tokens, one originating from each GPU, with each destined for a distinct GPU among the 𝑛

GPUs. These 𝑛 tokens are systematically labeled from 1 to 𝑛. To verify this, we employ a proof by

contradiction. We assume the hypothetical scenario where no token is directed to GPU 𝑖 (i.e., a

token labeled with 𝑖) at time slot 𝑡 . This assumption leads to the conclusion that the receiving traffic

of GPU 𝑖 cannot reach the stipulated value of 𝑏𝑚𝑎𝑥 . This, however, contradicts the requirement

that each GPU must receive 𝑏𝑚𝑎𝑥 traffic under the traffic matrix D′. Given the presence of 𝑛 tokens

heading to 𝑛 distinct GPUs, these tokens can be transmitted without any contention during time

slot 𝑡 . This process can be iterated until all tokens are successfully transmitted. In other words,

under the traffic matrix D′, all GPUs participate in a seamless exchange of traffic without any

interruptions. The minimum communication time for D′ is firmly established as 𝑏𝑚𝑎𝑥 .



𝑥11 + 𝑥12 + ... + 𝑥1𝑛 = 𝑏𝑚𝑎𝑥 − 𝑏1 = Δ𝑏1
𝑥21 + 𝑥22 + ... + 𝑥2𝑛 = 𝑏𝑚𝑎𝑥 − 𝑏2 = Δ𝑏2

...
...

...

𝑥𝑛1 + 𝑥𝑛2 + ... + 𝑥𝑛𝑛 = 𝑏𝑚𝑎𝑥 − 𝑏𝑛 = Δ𝑏𝑛
𝑥11 + 𝑥21 + ... + 𝑥𝑛1 = 𝑏𝑚𝑎𝑥 − 𝑏𝑛+1 = Δ𝑏𝑛+1

...
...

...

𝑥1𝑛 + 𝑥2𝑛 + ... + 𝑥𝑛𝑛 = 𝑏𝑚𝑎𝑥 − 𝑏2𝑛 = Δ𝑏2𝑛

(9)



1 2 · · · 𝑛 𝑛 + 1 · · · 𝑛2

1 1 1 · · · 1 0 · · · 0

2 0 0 · · · 0 1 · · · 0

... · · · · · · · · · · · · · · · · · · · · ·
𝑛 0 0 · · · 0 0 · · · 1

1 0 · · · 0 1 · · · 0

... · · · · · · · · · · · · · · · · · · · · ·
2𝑛 0 0 · · · 1 0 · · · 1





𝑥11
𝑥12
𝑥13
...

𝑥1𝑛
𝑥21
...

𝑥𝑛𝑛


=



Δ𝑏1
Δ𝑏2
...

Δ𝑏𝑛
...

Δ𝑏2𝑛


(10)

3. Prove the existence of non-negative X
In this step, we need to prove the presence of a non-negative matrix X. The existence of a

non-negative X is a critical factor in ensuring that the minimum communication time of D does

not exceed that of D′.
Eqn. 9 presents the equations that elements of X should satisfy. We transform the 𝑛 × 𝑛 matrix

X to an 𝑛2 × 1 vector x. Then we express these equations in matrix format as Ax = Δb, which is

shown in Eqn. 10. The size of A is 2𝑛 × 𝑛2. Notably, it is apparent that for every Δ𝑏𝑖 ∈ Δb, we have
Δ𝑏𝑖 ≥ 0 since 𝑏𝑚𝑎𝑥 ≥ 𝑏𝑖 . Next, we use Farkas’ Lemma [1] to prove the existence of a non-negative

solution x.

Farkas’ Lemma [1]: Let A ∈ R𝑚×𝑛 and b ∈ R𝑚 . Then exactly one of the following two assertions is
true:

1. There exists an x ∈ R𝑛 such that Ax = b and x ≥ 0.
2. There exists a y ∈ R𝑚 such that ATy ≥ 0 and bTy < 0.

Here, the notation x ≥ 0 means that all components of the vector x are non-negative.
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𝑦1 + 𝑦𝑛+1 ≥ 0

𝑦1 + 𝑦𝑛+2 ≥ 0

...

𝑦1 + 𝑦2𝑛 ≥ 0


𝑦2 + 𝑦𝑛+1 ≥ 0

𝑦2 + 𝑦𝑛+2 ≥ 0

...

𝑦2 + 𝑦2𝑛 ≥ 0

...


𝑦𝑛 + 𝑦𝑛+1 ≥ 0

𝑦𝑛 + 𝑦𝑛+2 ≥ 0

...

𝑦𝑛 + 𝑦2𝑛 ≥ 0

(11)


𝑦𝑛+1 ≥ −𝑦1,−𝑦2, · · · ,−𝑦𝑛
𝑦𝑛+2 ≥ −𝑦1,−𝑦2, · · · ,−𝑦𝑛
...

...

𝑦2𝑛 ≥ −𝑦1,−𝑦2, · · · ,−𝑦𝑛

⇒


𝑦𝑛+1 ≥ −𝑦𝑚𝑖𝑛

𝑦𝑛+2 ≥ −𝑦𝑚𝑖𝑛

...
...

𝑦2𝑛 ≥ −𝑦𝑚𝑖𝑛

(12)

Assertion 1 aligns precisely with our objective. To affirm Assertion 1, we need to disprove

Assertion 2. This can be achieved through a proof by contradiction. Assume Assertion 2 is true:

there exists a y with size 2𝑛 × 1 such that ATy ≥ 0 and bTy < 0. By applying ATy ≥ 0, we derive

the inequalities as shown in Eqn. 11.

Assume 𝑦𝑚𝑖𝑛 =𝑚𝑖𝑛(𝑦1, 𝑦2, ..., 𝑦𝑛), we have Eqn. 12. Then we calculate the value of ΔbTy.

ΔbTy = Δ𝑏1𝑦1 + · · · + Δ𝑏𝑛𝑦𝑛 + Δ𝑏𝑛+1𝑦𝑛+1
+ · · · + Δ𝑏2𝑛𝑦2𝑛
≥ Δ𝑏1𝑦𝑚𝑖𝑛 + · · · + Δ𝑏𝑛𝑦𝑚𝑖𝑛 + Δ𝑏𝑛+1 (−𝑦𝑚𝑖𝑛)
+ · · · + Δ𝑏2𝑛 (−𝑦𝑚𝑖𝑛)

= 𝑦𝑚𝑖𝑛 ((Δ𝑏1 + · · ·Δ𝑏𝑛) − (Δ𝑏𝑛+1 + · · · + Δ𝑏2𝑛))
= 0

(13)

From Eqn. 13, we know ΔbTy ≥ 0. This contradicts ΔbTy < 0 in Assertion 2, proving that

Assertion 2 is incorrect. As a result, we can establish the existence of a non-negative solution x,
and this, in turn, confirms the presence of a non-negative matrix X.

B PROOF OF THEOREM 5.2
Theorem 5.2 demonstrates that the minimum communication time with traffic matrix D is 𝑏𝑚𝑎𝑥 =

𝑚𝑎𝑥 (∑𝑛
𝑗=1 𝑑𝑖 𝑗/𝐵𝑖 ,

∑𝑛
𝑖=1 𝑑𝑖 𝑗/𝐵𝑖 ), where 𝑑𝑖 𝑗 is the element located at row 𝑖 and column 𝑗 in D, 𝐵𝑖 is

the bandwidth of GPU 𝑖 .

Similar to the proof of Theorem 4.2, the approach unfolds in three steps. Initially, we convert the

traffic matrix D into D′ using matrix X. Next, we demonstrate that the minimum communication

time for D′ is 𝑏𝑚𝑎𝑥 . Finally, we prove the existence of a non-negative X. The key difference is

that the network bandwidth 𝐵 cannot be simplified to 1 in a heterogeneous environment. This

distinction must be incorporated into the proof.

1. Convert D to D′ by adding non-negative X



𝑑11
𝐵1

𝑑12
𝐵1

· · · 𝑑1𝑛
𝐵1

𝑏1
𝑑21
𝐵2

𝑑22
𝐵2

· · · 𝑑2𝑛
𝐵2

𝑏2
...

...
. . .

...
...

𝑑𝑛1
𝐵𝑛

𝑑𝑛2
𝐵𝑛

· · · 𝑑𝑛𝑛
𝐵𝑛

𝑏𝑛

𝑏𝑛+1 𝑏𝑛+2 · · · 𝑏2𝑛


+


𝑥11
𝐵1

𝑥12
𝐵1

· · · 𝑥1𝑛
𝐵1

Δ𝑏1
𝑥21
𝐵2

𝑥22
𝐵2

· · · 𝑥2𝑛
𝐵2

Δ𝑏2
...

...
. . .

...
...

𝑥𝑛1
𝐵𝑛

𝑥𝑛2
𝐵𝑛

· · · 𝑥𝑛𝑛
𝐵𝑛

Δ𝑏𝑛
Δ𝑏𝑛+1 Δ𝑏𝑛+2 · · · Δ𝑏2𝑛


=



𝑑 ′
11

𝐵1

𝑑 ′
12

𝐵1

· · · 𝑑 ′
1𝑛

𝐵1

𝑏𝑚𝑎𝑥

𝑑 ′
21

𝐵2

𝑑 ′
22

𝐵2

· · · 𝑑 ′
2𝑛

𝐵2

𝑏𝑚𝑎𝑥

...
...

. . .
...

...
𝑑 ′𝑛1
𝐵𝑛

𝑑 ′𝑛2
𝐵𝑛

· · · 𝑑 ′𝑛𝑛
𝐵𝑛

𝑏𝑚𝑎𝑥

𝑏𝑚𝑎𝑥 𝑏𝑚𝑎𝑥 · · · 𝑏𝑚𝑎𝑥


(14)
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To address the difference, we modify the element 𝑑𝑖 𝑗 in D to 𝑑𝑖 𝑗/min(𝐵𝑖 , 𝐵 𝑗 ), as indicated in

Eqn. 14. We apply the same adjustment to the elements in X and D′. For clarity and consistency,

we continue to refer to these updated matrices as D, X, and D′.
Eqn. 14 illustrates the relationship D + X = D′, where 𝑥𝑖 𝑗/𝐵𝑖 and 𝑑 ′𝑖 𝑗/𝐵𝑖 denote elements located

at row 𝑖 and column 𝑗 inX andD′, respectively. Values external to the matrices, such as 𝑏1, Δ𝑏1, and
𝑏𝑚𝑎𝑥 , represent the sum of their corresponding columns or rows. For traffic matrix D′, it satisfies
the conditions that for each row

∑𝑛
𝑗=1 𝑑

′
𝑖 𝑗/𝐵𝑖 = 𝑏𝑚𝑎𝑥 , and for each column

∑𝑛
𝑖=1 𝑑

′
𝑖 𝑗/𝐵𝑖 = 𝑏𝑚𝑎𝑥 . That

is to say, the time each GPU uses for sending and receiving is precisely 𝑏𝑚𝑎𝑥 after adding artificial

matrix X.

2. Prove the minimum communication time for D′ is 𝑏𝑚𝑎𝑥

To establish that theminimum communication time forD′ is𝑏𝑚𝑎𝑥 , wemust demonstrate that each

GPU can continuously send and receive traffic until all traffic is completed. Similar to Theorem 4.2,

each token requires a time slot to transmit at full bandwidth. Due to bandwidth constraints, each

GPU can only send and receive one token per slot. To prove this, assume by contradiction that

any GPU does not receive a token in a given slot. This failure means it won’t meet the 𝑏𝑚𝑎𝑥

requirement, contradicting the need for each GPU to receive 𝑏𝑚𝑎𝑥 traffic. Using the same method

as in Theorem 4.2, we confirm uninterrupted traffic exchange, thereby proving that 𝑏𝑚𝑎𝑥 is indeed

the minimum communication time for D′.

3. Prove the existence of non-negative X
In this step, we need to prove the presence of a non-negative matrix X. This step is exactly

the same as the one in Appx. A. We can still use Farkas’ Lemma [1] to prove the existence of a

non-negative solution x.
These three steps validate the correctness of Theorem 5.2.
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